Chapter 7

The Vorticity Equation in a Rotating
Stratified Fluid

The vorticity equation for a rotating, stratified,
viscous fluid

» The vorticity equation in one form or another and its
interpretation provide a key to understanding a wide
range of atmospheric and oceanic flows.

» The full Navier-Stokes' equation in a rotating frame is

DU fau =—£VpT—gk+vV2u
Dt p

where p is the total pressure and f = fk.

> We allow for a spatial variation of f for applications to
flow on a beta plane.




DU fau :—EVpT—gk+vV2u
Dt p

Now u-vu=v@Eu)+oau
ou 1
» E+V(%u2)+(w+f)Au=-EVpT—gk+vV2u
take the curl »
D 1 )
E(m+f)=(m+f)-Vu—(m+f)V-u+—2Vp/\VpT+vVm
p
Do
—=-u-Vf+..
or =

Note that Valo+flaul=u-V(e+H+(@+f)V.-u-(o+f)-Vu,
and V . [e+f]=0.

Terminology

o, = ® +f iscalled the absolute vorticity - it is the vorticity
derived in an a inertial frame

o Iis called the relative vorticity, and
f is called the planetary-, or background vorticity

Recall that solid body rotation corresponds with a vorticity 2Q.




Interpretation

%%uo+ﬂ=(w+nyu—uo+ﬂV-u+35VpAVpT+vV%o
p
Do

o is the rate-of-change of the relative vorticity

—u-Vf:  If fvaries spatially (i.e., with latitude) there will

be a change in o as fluid parcels are advected to
regions of different f.

Note that it is really o + f whose total rate-of-change
is determined.

D%(m+f)=(m+f)-Vu-(m+f)v-u+iZVpAVpT+vv2m
o p

(o +f)-Vu  consider first ® - Vu, or better still, (o/|]) - Vu.

unit vector along
the vortex line
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directions

the rate of relative vorticity production

due to the stretching of relative vorticity
[

A 0 the rate of production due to the bending (tilting, /
u.n+ub . : . . -
twisting, reorientation, etc.) of relative vorticity




%(m +f):(0)+f)-Vu—(0)+f)V-u+i2Vp/\Vp-|-+VV20)
P

i A CLCE NG L
0z 0z 0z

bending of planetary vorticity

the rate of vorticity production due to the /

the rate of vorticity production due to
—(00 + f)v -u the stretching of planetary vorticity

= (1/p)(Dp/Dt)(w + ) using the full continuity equation

» a relative increase in density = a relative increase in absolute
vorticity.

Note that this term involves the total divergence, not just the horizontal
divergence, and it is exactly zero in the Boussinesq approximation.

D%(m+f)=(m+f)-Vu-(m+f)v-u+iZVpAVpT+vv2m
p

1 VoAV sometimes denoted by B, this is the baroclinicity vector
> VP A VP, -
and represents baroclinic effects.

B is identically zero when the isoteric (constant density)
and isobaric surfaces coincide.

Denote ¢ =In 6 =s/c,,
s = specific entropy = t~! In p; — In p + constants,

where=1t1=1 —«.
» B=1Vpr AV




B=3Vpr AV

> B represents an anticyclonic vorticity tendency in which
the isentropic surface (constant s, ¢, 0 ) tends to rotate to
become parallel with the isobaric surface.

» Motion can arise through horizontal variations in
temperature even though the fluid is not buoyant (in the
sense that a vertical displacement results in restoring
forces); e.g. frontal zones, sea breezes.

VVZ(D represents the viscous diffusion of vorticity into a moving
fluid element.

The vorticity equation for synoptic scale
atmospheric motions

The equations appropriate for such motions are

ou ou 1
a—th+uh-Vuh+Wa—zh+f/\uh:—EVhp (a)
and 0=—%%+o
ov ou ov odu
Let O)h :V.uh :(—5’ a’ &_5J

Take the curl of (a) I




80)th +(@, +F)V, U, +u, -V(eo, +T)

ou, 1
A—L=+—VpAV
o7 PZ p nP

We use uh-Vuhzv(%uﬁ)+mh AUy and Va(da)=Vora+dVaa

The vertical component of this equation is

[ ou ov
—u.-V f = =42
% ——u, V() -w - )(ax ay]+
6wa_u_6_wa_v = L(opo _opdp
oy 0z Ox 0z oX oy 0oy ox
where E=k-o,=0v/0x-0ouloy

An alternative form is

(S S ) )

» The rate of change of the vertical component of
absolute vorticity (which we shall frequently call
just the absolute vorticity) following a fluid parcel.

6+ 0| 2t s the o
The term ox | oy is the divergence term

For a Boussinesq fluid: ou/ox + ovioy + owloz=0 =>

+f) 2L f_
(C+)( +ayJ (C+f)




T w + dw
—(c+f)[—+a—yj (C+f )— . J

.

(€ + How/oz corresponds with a rate of production of
absolute vorticity by stretching.

For an anelastic fluid (one in which density variations
with height are important) the continuity equation is:
ou/ox + ovloy + (1pgy)o(poW)loz=0 =>

1 a(poW)

~(c+H)| &
(€+)( +ayj G+ )

The term (EE_ &EJ in the vorticity equation is the

tilting term; this represents the rate of generation of absolute
vorticity by the tilting of horizontally oriented vorticity

= (-ovl/oz, ouloz, 0) into the vertical by a non-uniform field
of vertical motion (ow/ox, ow/oy, 0) = 0.
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» The last term in the vorticity equation is the solenoidal
term.

» This, together with the previous term, is generally small
in synoptic scale atmospheric motions as the following
scale estimates show:

wan_owov] WU _ o
oyoz oxoz| HL

%[@@_%@}g%iﬁ’:mo-ﬂs‘z;
p-loxoy oyox| p L

The sign < indicates that these may be overestimated due to cancellation.

End of
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