
Slab-symmetric and axi-symmetric 

models
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Ertel PV

Slab-symmetric form

Potential vorticity



Slab-symmetric

Sawyer-Eliassen Equation

Transform

Special case q = constant



The membrane analogy

2 2

2 2

h h
F(x,y)

x y

 
  

 

Equilibrium displacement of a stretched membrane over a 

square under the force distribution F(x,y).
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The Sawyer-Eliassen equation



Axi-symmetric

Discriminant

Sawyer-Eliassen Equation

SE equation is elliptic if  D > 0



Parameters in SE Equation
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Ertel PV
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Can show that

Potential vorticity
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Thermally-forced secondary circulation leads to spin up
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A warm-cored vortex



Barotropic stability



Net radial force on a displaced air parcel

Net force on parcel at B

Radial pressure gradient at B



Net radial force on a displaced air parcel



AAM in a typical vortex
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The tropical cyclone boundary layer
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“Tea cup” Experiment



Boundary-layer scaling

Continuity equation







Nonlinear terms

Full BL equations



Nonlinear terms
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Linearized equations



Justification?

Scale analysis

Ekman equations





Representation of frictional stress







Linear solution
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Linear theory



Linear theory
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Linear theory versus Ekman theory
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M not conserved, boundary layer supplies clouds with moisture 
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Conventional view of tropical cyclone spin up
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Emanuel’s 1986 steady-state TC model
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Emanuel’s 1997 model for TC spin up

Model sets: vg(h) = vb



Questions

• Does the boundary layer determine the tangential wind 

speed of air that ascends into the updraught?

• Consistent only if vg(h) = vb! 

• Considerations: steady boundary layer equations are 

parabolic => information travels inwards. Region of 

ascent out of the boundary layer requires an open 

boundary condition.

• Can one improve the Emanuel model by relaxing the 

assumption of gradient wind balance in the boundary 

layer?
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Smith et al. (2008), Smith and Montgomery (2010)



Zhang et al (2001) found that spin up occurred in the BL in 

Hurricane Andrew.
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M reduced by friction, but strong convergence  small r

From Montgomery, Nguyen & Smith (2009): QJRMS



The basic thought experiment for intensification
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Nguyen, Smith and Montgomery calculation, QJRMS, 2008:

 Idealized numerical model simulations, simple physics, MM5

 5 km (1.67 km) resolution in the finest nest, 24 s-levels



From Montgomery, Nguyen & Smith (2009): QJRMS



From Montgomery, Nguyen & Smith (2009): QJRMS



From Montgomery, Nguyen & Smith (2009): QJRMS



 Basic principle

r

v

v = M/r  rf/2 If r decreases, v increases!

Spin up requires radial convergence

- Conservation of absolute angular momentum:

M = rv + r2f/2

Hurricane intensification

f = Coriolis parameter

= 2Wsin(latitude)



Thank you for your attention


