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Abstract:
The dynamics of the slab boundary layer model for an axisymmetric vortex are re-examined in the light of the continued relevance of
this model as a benchmark for understanding aspects of tropical cyclone structure. Of particular relevance is the control the boundary
layer has on the location of deep convection. Using two different methods to solve for the steady nonlinear boundary layer, it is shown
that in relatively narrow vortices, the location of maximum ascent out of the boundary layer lies inside the radius of maximum gradient
wind. In contrast, as the breadth of the gradient wind profile increases, the location of maximum ascent moves outwards beyond
that of the maximum gradient wind. These new findings help to understand airborne Doppler radar observations of certain structural
differences between rapidly developing and mature storms. Shown also is the propensity of the boundary layer of broad vortices to
produce secondary maxima of tangential wind and ascent out of the boundary layer well beyond the radius of maximum gradient
wind. This intrinsic boundary layer feature has relevance to understanding secondary eyewall formation. Some implications of the new
calculations to translating vortices and to the theory of potential intensity are discussed also.
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1 Introduction1

As summarized in a recent paper by the authors, two key2

dynamical features of tropical cyclones are the frictional3

boundary layer and the overturning circulation associated4

with deep cumulus convection (Smith and Montgomery5

2025b). The boundary layer is important for two reasons.6

Firstly, it leads to a convergence-divergence pattern that7

enables it to exchange fluid with the interior vortex flow.8

The low-level, frictionally-driven inflow is accompanied9

through continuity by outflow above it, which, by itself,10

would lead to a spin-down of the vortex by the accom-11

panying outward flux of absolute vorticity. Secondly, the12

boundary layer is important for its ability to supply the13

vortex core with moisture enriched air to maintain the14

inner-core deep convection required for the intensifica-15

tion of these storms.16

For a tropical cyclone to intensify, deep convection is17

necessary in the inner vortex core to drive an overturning18

circulation with inflow in the lower troposphere and19

outflow above, the inflow branch being strong enough20

to oppose the persistent outflow that would otherwise be21

produced by the boundary layer. Surface moisture fluxes22

from the ocean are required to elevate the equivalent23

potential temperature of the boundary layer air in the core24

1Correspondence to: Prof. Roger K. Smith, Meteorological Institute,
Ludwig-Maximilians University of Munich, Theresienstr. 37, 80333
Munich. E-mail: roger.smith@lmu.de

of the vortex. This moisture elevation serves to maintain25

deep convection and thereby a persisting inflow above the26

boundary layer to more than compensate the boundary27

layer induced outflow.28

Except in the immediate neighborhood of the con-29

vection, the rate at which mass converges in the boundary30

layer is controlled by the tangential wind profile at the31

top of the boundary layer, while the mass flux carried32

aloft by convection depends, inter alia, on the thermo-33

dynamic properties of air ascending into the convection.34

There is no physical reason to expect that at all times dur-35

ing the tropical cyclone life cycle, the mass converging36

in the boundary layer will be exactly equal to that being37

ventilated vertically by deep convection.38

In summary, the most important factor governing39

tropical cyclone intensification is the ability of inner-40

core deep convection to ventilate moist air at a rate41

larger than that converging in the boundary layer and42

to carry this air to the upper troposphere. Under these43

circumstances, the convection will drive inflow above44

the boundary layer, which is necessary to concentrate45

absolute vorticity required to intensify the vortex (Kilroy46

et al. 2016; Smith et al. 2021a; Smith and Montgomery47

2025b). This framework has been adopted successfully in48

a recent observational study aimed at understanding the49

relationship between the azimuthally averaged kinematic50

structure of the tropical cyclone boundary layer and storm51

intensity, intensity change, and vortex structure above the52

boundary layer (Zhang et al. 2023).53
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2 R. K. SMITH AND M. T. MONTGOMERY

As discussed in Smith and Montgomery (2025a),54

classical boundary layer theory follows a standard pat-55

tern. A scale analysis for a thin layer with friction demon-56

strates that, to a good first approximation, the stress terms57

in the governing Navier-Stokes equations can be approx-58

imated by those normal to the boundary and that the59

pressure gradient parallel to the boundary is equal to that60

in the inviscid flow above the boundary layer. For the61

large Reynolds numbers that typically characterize trop-62

ical cyclone vortices, the flow above the boundary layer63

satisfies Euler’s equations of motion at leading order. The64

foregoing approximation associated with the boundary65

layer flow enables the pressure gradient within the layer66

to be prescribed in terms of the flow exterior to the layer67

when that flow is known. Vortex boundary layers normal68

to the axis of rotation do have a special property com-69

pared, for example, with those in simple aerodynamic70

flows, because of their ability to expel boundary layer71

fluid into the exterior flow, or to draw exterior fluid into72

the layer. Strictly speaking, this means that the exterior73

flow cannot be formulated independently of the boundary74

layer flow, except with further assumptions. In general,75

the boundary layer and exterior flows have to be solved76

together.77

As discussed in Smith and Montgomery (2025a)78

also, theories for the tropical cyclone boundary layer have79

fallen into two types: those that take into account the ver-80

tical structure of the boundary layer, itself, and those that81

treat the boundary layer as a slab with uniform proper-82

ties. The former suffer from the limitation of requiring83

that any flow expelled from the boundary layer returns84

immediately to the prescribed exterior flow as it exits the85

layer (Smith and Montgomery 2010).86

While analyzing the axisymmetric boundary layer87

solutions as control for interpreting those for a translating88

vortex in Smith and Montgomery (2025a), we noticed89

certain properties that appeared to offer explanations90

of some observed characteristics of tropical cyclones.91

These include the finding of Rogers et al. (2013) that92

the maximum updraught in intensifying storms lies inside93

the radius of maximum tangential wind while it lies94

outside this radius in mature storms. They include also the95

findings of Zhang et al. (2023), who explored the idea that96

the explanation lies in the boundary layer and its coupling97

to the interior flow.98

Moreover, we noticed that, as model vortices99

become broader, the boundary layer begins to develop100

a secondary maximum of tangential and vertical veloc-101

ity substantively beyond the radius of maximum gradient102

wind, As the broadening continues, the outer maxima103

exceed the inner ones. These features would seem rel-104

evant to understanding secondary eyewall formation as105

suggested by Abarca and Montgomery (2013).106

The primary motivation of the present paper is to107

explore the foregoing connections further without the108

added complication of vortex translation.109

2 The slab boundary layer model110

The calculations presented here are based, in part, on a111

one-dimensional version of the simplified slab boundary112

layer formulation employed by the authors in a recent113

paper studying the effects of vortex translation on bound-114

ary layer flow asymmetries (Smith and Montgomery115

2025a). The principal simplifications involve using a con-116

stant depth for the boundary layer, a constant drag coef-117

ficient and the neglect of the downward transport of118

momentum through the top of the boundary layer, which119

was shown by Smith and Vogl (2008) to have only a120

small effect on their slightly more complete solutions, and121

finally the neglect of vortex translation. These simplifi-122

cations are in the spirit of the insightful recognition by123

James (1994) that “comprehensive complexity in mod-124

elling is not a virtue, but rather an admission of failure”.125

In a cylindrical coordinate system and with the126

boundary layer density assumed constant, the steady,127

vertically-integrated equations for the radial momentum,128

azimuthal momentum and mass continuity can be written129

in the following form:130

ub
dub

dr
= −

(v2g − v2b )

r
− f(vg − vb)−

CD

h
(u2

b + v2b )
1
2ub,

(1)131

ub
dvb
dr

= −
(vb
r

+ f
)
ub −

CD

h
(u2

b + v2b )
1
2 vb, (2)

132
dub

dr
= −ub

r
− wh

h
, (3)

where ub and vb are the vertically-averaged radial and133

azimuthal components of velocity in the boundary layer,134

vg(r) and wh are the gradient wind and vertical velocity at135

the top of the boundary layer, f is the Coriolis parameter,136

and CD is the surface drag coefficient. The quantities137

ub and vb are assumed to be independent of depth. As138

in Smith and Montgomery (2025a), we take CD = 2.0×139

10−3.140

Smith and Montgomery (2008) showed that at radii141

large enough for the radial flow to be small compared142

with the gradient wind and for the nonlinear terms in Eqs.143

(1) and (2) to be neglected, the equations can be linearized144

with respect to the gradient wind and solved to give145

ub = −µvg, (4)

and146

vb = vg(1− ν2), (5)

where147

µ =
CDvg
hζag

. (6)

and148

ν =
CDvg
hIg

, (7)

where ζag is the absolute vorticity of the gradient wind,149

I2g = ξgζag is the inertial stability parameter and ξg =150
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SLAB BOUNDARY LAYER 3

2vg/r + f is twice the absolute angular rotation rate of151

the gradient wind. These solutions, which are valid only152

if the characteristic Ekman numbers µ and ν are small153

compared with unity, are the slab equivalent of the gener-154

alized Ekman layer (cf. Smith and Montgomery (2023),155

Chapter 6). An assessment of the self-consistency of this156

linearized Ekman-type solution for a hurricane-strength157

vortex is provided below as part of the interpretation of158

the nonlinear boundary layer solutions.159

2.1 Prescribed gradient wind profiles160

The prescribed vortical flow above the boundary layer,161

vg(r), is taken to be axisymmetric and in gradient wind162

balance. Here we choose a range of simple tangential163

wind profiles164

vg(r) =
vos

1 + sx
, (8)

where vo = 2vmax, s = smaxr/rmax, α is a dimension-165

less constant and smax = [1/(x− 1)]1/x to ensure that166

dvg/dr = 0 when r = rmax. Choosing this value for167

smax makes r = rmax when s = smax. Six profiles are168

examined with x ranging from 1.3 to 2.3 in steps of 0.2169

(Fig. 1). For the same values of vmax = 45 and rmax, the170

breadth of the outer profile of vgr increases as the par-171

ameter x decreases. Choosing values vmax = 45 m s−1172

and rmax = 40 km, these vortices are inertially (centrifu-173

gally) stable (i.e., I2g > 0) for a Coriolis parameter f =174

5× 10−5 s−1 that corresponds with a latitude of approxi-175

mately 20oN.176
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Figure 1. Radial profiles of gradient wind for the six values of x
used in the calculations.

2.2 Solution methods177

We employed two methods of solving the steady nonlin-178

ear equations (1) and (2). The first method, designated179

Method 1, adds time derivative and lateral diffusion terms180

and integrates these equations to a steady state as in Smith181

and Montgomery (2025a). The method employs a regular182

grid in radius with 1 km grid spacing over a domain of183

radius 1000 km. Both ub and vb were taken to be zero184

at the axis and open boundary conditions were imposed185

on these velocities at the domain boundaries requiring186

normal velocities to have zero gradient there. Second-187

order centred differencing was used and the gradient wind188

vg with zero radial flow, ub = 0, was used as the ini-189

tial condition in all cases. The versions of Eqs. (1) and190

(2) with time derivatives and diffusion terms added were191

advanced in time using a third-order Runge-Kutta scheme192

until the velocities had attained a steady state, which, typ-193

ically requires about 20,000 time steps. The time step,194

∆t, was normally 10 seconds, but was halved if the195

Courant-Friedrichs-Lewy (CFL) parameter, Vmax∆t/∆r,196

exceeded 0.3, where Vmax is the maximum total horizon-197

tal wind speed and ∆r is the radial grid spacing.198

The second method, designated Method 2, is to inte-199

grate the equations equations inwards from the outer200

boundary taking the linear solution, Eqs. (4) and (5), as201

starting values. Again, a third-order Runge-Kutta scheme202

was used with a radial grid of 1 km and the radial bound-203

ary at 1000 km. No horizontal diffusion was required204

using this method and the method is asymptotically in205

accord with the boundary layer equations for a slab layer.206

Finally, the linear solution was calculated as a func-207

tion of radius from Eqs. (4) and (5) for comparison with208

Methods 1 and 2.209

3 Solutions210

Figure 2 shows the radial profiles of the steady-state211

radial and tangential velocity components in the boundary212

layer for the two nonlinear methods of calculation and213

for the linear solution together with the gradient wind214

at the top of the boundary layer for the six gradient215

wind profiles in Fig. 1. In this figure, the radial velocity216

is plotted with positive values representing inflow and217

negative values representing outflow.218

Some notable features of the solutions are as219

follows:220

• On the domain shown, there is almost perfect221

agreement between the two methods of solving222

the nonlinear equations, at least before the radial223

flow in the boundary layer becomes zero, in which224

case Method 2 becomes singular and the integration225

must be terminated. In contrast, on account of the226

lateral diffusion, Method 1 captures the behaviour227

of the velocity components inside this radius;228

• At large radii the maximum tangential velocity in229

the boundary layer is less than the gradient wind,230

(i.e., subgradient), but in the nonlinear solutions,231

it exceeds the gradient wind (i.e., supergradient) at232

some inner radius;233

• The radius at which the tangential wind first234

becomes supergradient as the radius decreases235

becomes larger as the gradient wind profile broad-236

ens;237
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Figure 2. Radial profiles of gradient wind, vg , together with those of radial and tangential velocity components in the boundary layer
calculated using the two nonlinear methods of solution and the corresponding linear solution (red dashed curves) for the six values of the
profile parameter, x: (a) 2.3, (b) 2.1, (c) 1.9, (d) 1.7, (e) 1.5 and (e) 1.3. In each panel, the radial velocity is plotted with positive values
representing inflow and negative values outflow. In the legend of each panel, u and v refer to tangential and radial velocity components of the

nonlinear solution obtained by Method 1, u nlin and v nlin refer to those obtained by Method 2 and u lin, v lin refer to the linear solution.

• There is a rapid deceleration of the radial inflow238

at radii where vb exceeds vg, since, at these radii,239

all the forces in the radial direction are directed240

outwards;241

• For the relatively narrow vortex profiles (x = 2.3242

and x = 2.1), the nonlinear solution(s) for the tan-243

gential velocity in the boundary layer significantly244

exceed that of the gradient wind at the top of245

the boundary layer. The tangential wind maximum246

occurs inside the gradient wind maximum in these247

cases. The wind maximum declines rapidly as the248

radius decreases inwards of the maximum.249

• The radial wind for the profiles x = 2.3 and x = 2.1250

exhibits a rapid decline just inside the tangential251

wind maximum also. For these cases of a narrow252

vortex, both the tangential and radial wind profiles253

near the maximum supergradient wind exhibit spa-254

tial structure akin to a shock in gas dynamics or255

hydraulics (e.g., Slocum et al. 2014).256

• The linear solution is an acceptable approximation257

Copyright © 2025 Meteorological Institute TCRR 150: 1–11 (2025)



SLAB BOUNDARY LAYER 5

to the nonlinear solutions at large radii, except pos-258

sibly for the broadest gradient wind profiles (x =259

1.3 and x = 1.5), but tends to overestimate both the260

tangential and radial velocity components obtained261

in the nonlinear solutions at these radii. In particu-262

lar, at a radius of 1000 km, it produces a maximum263

radial inflow that is somewhat larger, especially for264

x = 1.3, than the corresponding nonlinear solutions265

(see Fig. 6 below).266

• The tangential velocity component obtained in the267

linear solution remains subgradient at all radii con-268

sistent with Eq. (5) when ν << 1.269

Of particular interest here are the differences in270

behaviour as the gradient wind profile broadens. These271

are highlighted in Fig. 3, which compares radial profiles272

of the radial and tangential velocity components in the273

boundary layer and the vertical velocity at the top of the274

boundary layer at radii inside 150 km for the nonlinear275

solutions obtained using Method 1 for the six gradient276

wind profiles in Fig. 1. The immediate features one277

notices are:278

• The maximum radial inflow increases in magnitude279

and decreases in radius as the gradient wind profile280

narrows;281

• The peak in tangential velocity lies inside the radius282

of maximum gradient wind, rmax, for the narrow-283

est gradient wind profiles (x = 2.3 and x = 2.1),284

but moves outwards in radius, beyond rmax, and285

decreases in magnitude as the gradient wind profile286

broadens;287

• The maximum vertical velocity has a similar288

behaviour to the tangential velocity, lying inside289

rmax, for the two narrowest gradient wind profiles,290

but moving outwards beyond rmax while decreas-291

ing in magnitude as the gradient wind profile broad-292

ens;293

• More subtly, both the tangential and vertical veloc-294

ity develop secondary maxima in the two broadest295

gradient wind profiles, with both the inner and outer296

maxima moving outwards and the outer maximum297

increasing in magnitude relative to the inner one as298

the gradient wind profile broadens.299

3.1 Varying inner core radius300

Observations as well as numerical modelling studies301

show that as tropical cyclones mature, their inner core302

radius grows in size as well as their outer circulation. A303

well documented observational case is that of Hurricane304

Isabel (2003) (Bell and Montgomery 2008) and a perti-305

nent modelling study is that of Smith et al. (2021b). It306

follows that our investigation of the dependence of inner-307

core boundary layer structure on the size of the outer308

circulation would be incomplete without some investiga-309

tion of the dependence of boundary layer dynamics on310

changes of the inner core radius characterized by rmax.311

For this reason, we examine the robustness of the results312

shown above, based on calculations with the same inner313

core radius, as the inner core radius is varied while keep-314

ing the gradient wind breadth parameter x the same. To315

this end, we show in Fig. 4 boundary layer calculations316

using Method 1 for the narrowest gradient wind profile317

with x = 2.3 and a broader profile with x = 1.9 for values318

of rmax of 20 km and 30 km, compared with the calcula-319

tions for rmax = 40 km discussed earlier in this section.320

In the narrowest vortex case (x = 2.3), the previ-321

ous results that the maximum tangential wind speed in322

the boundary layer and the maximum vertical velocity323

ascending out of the boundary layer, wmax, lie inside the324

radius rmax hold also in the case when rmax is reduced325

to 30 km and further to 20 km. The maximum tangen-326

tial wind speed in the boundary layer remains more or327

less the same as rmax is reduced, but there is a reduction328

of the agradient wind at radii beyond rmax, whereby, as329

explained in the next section, the boundary layer inflow330

is reduced also. Despite the reduction of inflow, wmax331

increases as rmax is reduced, presumably a geometrical332

consequence of mass continuity.333

In the broader vortex case (x = 1.9), the earlier334

results that the maximum tangential wind speed in the335

boundary layer and the location of wmax lie outside the336

radius rmax hold also in the case when rmax is reduced337

to 30 km and further to 20 km. In this case, however,338

the maximum tangential wind speed in the boundary339

layer decreases as rmax is reduced and, again, there is340

a reduction of the agradient wind at radii beyond rmax341

leading to a reduced boundary layer inflow. In this case,342

wmax decreases as rmax is reduced.343

In the next section, we provide interpretations for344

much of the foregoing behaviour and discuss the rele-345

vance of the slab boundary layer calculations for under-346

standing a range of tropical cyclone observations.347

4 Interpretations and relevance348

4.1 Inner-core convective structure349

The finding that the vertical velocity at the top of the350

boundary layer moves outwards as the gradient wind pro-351

file broadens offers an understanding for some of the352

composite analyses of airborne Doppler radar observa-353

tions presented by Rogers et al. (2013) and Zhang et al.354

(2023). As summarized succinctly in Rogers et al.’s Fig.355

16, intensifying tropical cyclones have a ringlike vortic-356

ity structure inside the radius of maximum wind; lower357

vorticity in the outer core; a deeper, stronger inflow layer;358

and stronger axisymmetric eyewall upward motion com-359

pared with mature tropical cyclones. Invoking Stokes’360

theorem, lower vorticity in the outer core is synonymous361

with a narrower outer circulation or, in our parlance, a362

narrower gradient wind profile.363

Copyright © 2025 Meteorological Institute TCRR 150: 1–11 (2025)
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Figure 3. Radial profiles of tangential velocity components in the boundary layer and vertical velocity at the top of the boundary layer at radii
inside 150 km in the nonlinear solutions obtained using Method 1 for the six gradient wind profiles in Fig. 1. The radial velocities in (a) are
plotted with positive values representing inflow and negative values outflow. The location of the radius of maximum gradient wind at 40 km

is highlighted in each panel by a thin vertical line.

Observations, supported by numerical modelling364

studies show that the tangential wind field of storms has a365

natural tendency to broaden during the storm’s life cycle366

(e.g., Sampson et al. 2017, Smith et al. 2021b). The ten-367

dency of the outer circulation to grow in size may be368

understood in terms of the fact that, at radii where the369

convectively-driven overturning circulation is strong and370

persistent enough to draw air inwards above the boundary371

layer, absolute vorticity will be drawn inwards to increase372

the circulation at that radius.373

Our simple slab boundary layer solutions suggest374

that the location of the eyewall convection is strongly375

controlled by the boundary layer dynamics, with nar-376

rower vortices having a stronger updraught ascending377

from the boundary layer inside the radius of maximum378

gradient wind, while in broader vortices, the location of379

maximum ascent out of the boundary layer moves outside380

this radius. Since the roots of deep convection originate in381

the boundary layer, it seems reasonable to invoke the prin-382

ciple of boundary layer control in determining the loca-383

tion of deep convection, despite the fact that, as explained384

earlier, it is not a given that all the air that ascends out of385

the boundary at any given time can be ventilated by deep386

convection triggered by the ascent, itself.387

The question remains as to why the maximum ascent388

out of the boundary layer moves outwards as the gradient389

wind profile broadens. A notable feature of the solutions390

shown in Fig. 2 is the increasing reduction of the local391

tangential wind in the boundary layer at outer radii392

compared with the gradient wind as the gradient wind393

profile becomes broader. This reduction implies a larger394

inward agradient force per unit mass given by395

agf =
v2 − v2g

r
+ f(v − vg). (9)

A summary of this difference is highlighted in Fig. 5,396

which compares profiles of the agradient force at radii397

greater than 200 km for the six profiles of gradient wind398

shown in Fig. 1. The principal curves are based on the399

nonlinear boundary layer calculations using Method 1400

(thick curves), but the corresponding curves for the linear401

solution are shown also (thin curves). The corresponding402

Copyright © 2025 Meteorological Institute TCRR 150: 1–11 (2025)
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Figure 4. Radial profiles of the boundary layer radial (dashed
curves) and tangential (solid curves) velocity components u, v,
a scaled vertical velocity w at the boundary layer top (dotted
curves) and the gradient wind, vg , (thin red curves) in the nonlinear
solutions obtained using Method 1 with gradient wind profiles with
(a) x = 2.3 and (b) x = 1, 9 with three different radii of maximum

gradient wind rmax indicated by the three vertical lines.

agradient force per unit mass for the linear approximation403

is404

agfL =

(
2vg
r

+ f

)
(v − vg). (10)

Inside a certain radius that varies with the gradient405

wind profile parameter, x, the nonlinear calculations406

show an increase in the inward agradient force as the407

radius decreases compared with the linear solution. The408

relatively poor agreement of the linear and nonlinear409

solutions near the outer radius in the case x = 1.3 is410

simply a reflection of the fact that the conditions for411

the validity of the linear approximation are violated in412

this case. Specifically, the Rossby number based on the413

gradient wind at this radius is not small compared with414

unity and the square of the radial velocity is not small415

compared with the corresponding square of tangential416

velocity (see the Appendix).417

Irrespective of the breadth of the gradient wind pro-418

file, the larger inward agradient force in the nonlinear419

solution drives a stronger boundary layer inflow than in420

200 400 600 800 1000
r (km)

1.2
1.0
0.8
0.6
0.4
0.2
0.0
0.2

ag
f (

10
3  m

 s
2 )

Agradient force(r, x)

x = 1.3
x = 1.5
x = 1.7
x = 1.9
x = 2.1
x = 2.3

Figure 5. Radial profiles of the agradient force per unit mass, agf ,
in the nonlinear solutions obtained using Method 1 compared with
those for the linear solution, agfL, for the six gradient wind profiles

in Fig. 1.

the linear solution. This stronger inflow provides condi-421

tions conducive for the boundary layer spin-up enhance-422

ment mechanism to operate (e.g., Smith and Montgomery423

2023, Section 6.6). In essence, at some outer radius, air424

parcels begin spiralling inwards in the boundary layer at425

a rate where the tangential drag on the parcel is unable426

to prevent the tangential wind in the boundary layer from427

increasing relative to the local gradient wind and eventu-428

ally exceeding it at some radius.429

Note that, although the strength of the tangential430

drag increases as the square of the tangential veloc-431

ity in the boundary layer increases, the cumulative drag432

decreases as the number of air parcel revolutions about433

the vortex axis per unit inward displacement decreases,434

i.e., as the radial inflow increases. One has to do the435

nonlinear calculation to determine at what radius the tan-436

gential velocity in the boundary layer begins to increase437

relative to the gradient wind and the outer radius at which438

it first becomes supergradient. Of course, the rate of439

increase of the local gradient wind with decreasing radius440

will be a factor also in determining this outer radius.441

The calculations in Fig. 2 show that the outer442

radius at which the tangential flow becomes supergradi-443

ent increases as the gradient wind profile broadens. When444

it does so, the agradient force becomes positive and leads445

to a rapid deceleration of the radial flow in the boundary446

layer. This rapid deceleration leads through continuity to447

a large upwards expulsion of air from the boundary layer.448

Figure 3a shows that at a radius of 150 km, the radial449

inflow increases as the gradient wind profile broadens,450

a behaviour which is apparent also in Fig. 2 out to 400451

km. Invoking the discussion of the previous paragraph,452

the larger radial inflow in the broader profiles would453

Copyright © 2025 Meteorological Institute TCRR 150: 1–11 (2025)
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suggest why the boundary layer flow might1 become454

supergradient at a larger radius as the gradient wind455

profile broadens. Since the same profile dependence of456

radial inflow is found all the way out to 1000 km, where,457

in all except perhaps the two broadest gradient wind458

profiles (x = 1.3 and x = 1.5), the linear solution serves459

as a good approximation to the nonlinear solution, the460

reason for the dependence can be reasonably sought in461

the linear solution. Like the nonlinear solution, the linear462

solution does, in fact show a significant increase in inflow463

at the radial boundary as the parameter x decreases (Fig.464

6).465

1.3 1.5 1.7 1.9 2.1 2.3
Gradient wind decay parameter, x

0

5

10

15

20

25

u,
v,

v g
  (

m
 s

1 )

Linear and nonlinear solutions at r = 1000 km
vg

v lin
v nlin
u lin
u nlin

Figure 6. Variation of the gradient wind, vg , tangential velocity
v and radial velocity u at the outer boundary in the linear and
nonlinear solutions (designated “lin” and “nlin”, respectively) at
the outer radial boundary (r = 1000 km) for the six gradient wind
profiles in Fig. 1. The radial velocity is plotted with positive values

representing inflow.

A little inside a radius of 150 km, the behaviour466

of the radial inflow on the parameter x reverses and467

subgradient flow is maintained until increasingly smaller468

radii by the rapidly increasing gradient wind as the radius469

decreases, an effect highlighted in the upper panels of470

Fig. 3. Another feature of note is the increase in the471

maximum agradient wind as the gradient wind profile472

becomes narrower. This feature can be best understood473

in terms of an alternative explanation for the boundary474

layer spin-up enhancement mechanism articulated by475

Montgomery and Smith (2017). These authors note that,476

as air parcels converge in the boundary layer, they lose477

absolute angular momentum, M , to the surface. Now,478

recall that the tangential velocity v is related to M by479

solving the formula defining M to give480

v =
M

r
− 1

2
fr. (11)

1The word “might” here is required, acknowledging that one has to do
the nonlinear calculation to be sure.

From this expression we see that if the rate of loss481

of M is sufficiently small (i.e., less than the rate of482

decrease of the radius of the air parcel), the corresponding483

tangential velocity given by Eq. (11) may increase so that,484

at some inner radius, the tangential wind speed in the485

boundary layer becomes supergradient. It is clear from486

Eq. (11) that the boundary layer spin-up enhancement487

mechanism will be more effective if the rate of loss of M488

becomes sufficiently small at small radii. This explains489

why the maximum agradient wind increases rapidly as490

the gradient wind profile becomes narrower.491

The subtle changes in inner-core behaviour when the492

radius of maximum gradient wind is varied while keeping493

the profile parameter x the same are presumably associ-494

ated, in part, with small changes in the radial gradient of495

the gradient wind beyond its maximum. These are seen496

in Fig. 4 to have an impact on the magnitude of the497

agradient wind and thereby, from the discussion above,498

would affect the boundary layer inflow via changes in the499

accompanying inward agradient force.500

4.2 Secondary eyewall initiation501

These new nonlinear boundary layer calculations show502

that, as model vortices become broader, the boundary503

layer begins to develop a secondary maximum of tangen-504

tial and vertical velocity substantively beyond the radius505

of maximum gradient wind (Figs. 2e,f, 3b,c; Fig. 7). An506

expanding gradient wind field has been proposed as a nec-507

essary first stage of an intrinsic pathway for secondary508

eyewall formation (Abarca and Montgomery 2013, 2014;509

Abarca et al. 2015, 2016; Huang et al. 2012, 2018). The510

basic idea is that an expanding swirling flow is conducive511

to the generation of a radial zone of supergradient winds512

and related boundary layer convergence outside of the513

primary eyewall.514

The present calculations support the foregoing path-515

way by showing directly that the strengthened bound-516

ary layer inflow in the outer region, which accompanies517

the expanding gradient wind field, serves to activate the518

boundary layer spin-up enhancement mechanism prior519

to air parcels arriving at the radius of maximum gradi-520

ent wind. With the boundary layer spin-up mechanism so521

activated, the tangential winds exceed that of the gradient522

wind at the boundary layer top and all of the forces in the523

radial momentum equation become directed outwards.524

The inflowing air parcels are then rapidly decelerated.525

The radial deceleration leads to a zone of convergence526

in the boundary layer and thereby to reduced convective527

inhibition in the ascending air.528

If the thermodynamic conditions in this region are529

favourable to support deep convective activity, and if the530

horizontal straining of convective elements is limited by531

the reduction of the radial shearing that accompanies the532

development of a local maximum in supergradient wind,533

the convergence zone would serve to initiate sustained534

deep convective activity in the supergradient wind zone.535
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Figure 7. Radial profiles of the agradient wind, va, in the nonlinear
solutions obtained using Method 1 for the six gradient wind profiles

in Fig. 1.

In summary, these calculations help support and clarify536

the boundary layer control hypothesis of secondary eye-537

wall formation.538

4.3 Application to translating vortices539

An important finding of tropical cyclone intensification in540

a translating storm by Persing et al. (2025) is that, because541

of flow asymmetries which emerge from the transla-542

tion, intensification by the classical mechanism (i.e., a543

convectively-induced influx of cyclonic absolute vortic-544

ity above the boundary layer) may take place only in a545

restricted range of azimuths in sectors where deep con-546

vection is most active. Persing et al. found that in this547

case “storm-relative tangential velocity is amplified in the548

main updraught sector by the strong inward flux of abso-549

lute vorticity in the lower troposphere there. This vorticity550

is subsequently transported into the remaining sectors by551

the tangential circulation, where there is a weak outward552

vorticity flux that alone would lead to spin down.” With553

this finding in mind, the present results should apply with554

some modification to translating storms as well.555

4.4 Application to potential intensity theory556

The foregoing slab boundary layer calculations are novel557

and point to the important role of the outer wind struc-558

ture in determining the maximum system-scale tangen-559

tial and radial wind of the boundary layer. For relatively560

narrow outer wind profiles, the results demonstrate that561

the tangential winds can significantly exceed the gradi-562

ent wind maximum and this maximum can occur well563

inside the radius of maximum gradient wind. Both of564

these features have been confirmed observationally using565

high-resolution dropwindsonde deployments in conjunc-566

tion with aircraft reconnaissance data and airborne dual-567

Doppler radar analyses for intensifying tropical cyclones568

(Montgomery et al. 2014, Sanger et al. 2014).569

In the context of potential intensity theory and its570

extension to account for unbalanced effects at and above571

the boundary layer top by Bryan and Rotunno (2009),572

the present calculations offer an opportunity to quan-573

titatively assess a conjecture made by them in subse-574

quent research in regards to the practical usefulness of575

the Emanuel (1986) (hereafter E86) model that under-576

pins the theory for the maximum gradient wind intensity577

of tropical cyclones. In the E86 formulation (and subse-578

quent variants - see Smith and Montgomery 2023, Chap-579

ter 13, for a detailed summary), a simplified formulation580

of the linearized slab boundary layer (see Section 2) is581

employed that uses just the tangential component of the582

slab Ekman layer, assumes the tangential velocity in the583

boundary layer is equal to the gradient wind at leading584

order, and neglects the lateral diffusion of absolute angu-585

lar momentum.586

On page 2296 of Rotunno and Bryan (2012), they587

conjectured that for practical purposes the E86 slab588

boundary layer model should serve as an adequate bound-589

ary layer closure for the maximum intensity problem, in590

part because the E86 slab model represents a compromise591

between offsetting effects involving nonlinear advective592

dynamics and the radial diffusion of horizontal momen-593

tum in the boundary layer. However, in the nonlinear594

boundary calculations presented above, the solution of595

the equations with lateral diffusion retained is not signif-596

icantly weakened by lateral diffusion. This fact is impor-597

tant since the lateral diffusion employed in the calcula-598

tions with vortex decay exponents 2.3 and 2.1 is 5,000599

m2 s−1, notably larger than the average observed horizon-600

tal diffusivity in hurricanes possessing maximum wind601

speeds in the range of 40 to 60 m s−1 (Zhang and Mont-602

gomery 2012, their Fig. 6). The current calculations offer603

a quantitative rebuttal to the conjecture, at least within the604

context of the slab boundary layer, that horizontal diffu-605

sion will act to significantly ameliorate the concentration606

of momentum and entropy in the boundary layer and the607

lofted values thereto in the vortex interior.608

The reasoning behind our rebuttal is that, despite the609

presence of surface drag, the strong radial inflow in the610

boundary layer, driven by the nonlinear agradient force,611

acts efficiently to concentrate absolute angular momen-612

tum in the boundary layer. As we have seen, for narrow613

vortex profiles, this concentration has a propensity to pro-614

duce shock-like structures inside the gradient wind max-615

imum, not unlike the shock-like structure observed in the616

low-level wind structure of Hurricane Hugo (Marks et al.617

2008). Horizontal diffusion would have to take on unre-618

alistically large values to ameliorate this shock structure.619

The results herein indicate that, unlike the potential inten-620

sity theory of E86 (and variants) with its limiting slab621

Copyright © 2025 Meteorological Institute TCRR 150: 1–11 (2025)
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boundary layer approximation, the dependence of the tan-622

gential and radial wind maxima on the structure of the623

outer profile is an intrinsic property of tropical cyclones.624

5 Conclusions625

We have re-examined the dynamics of the slab boundary626

layer model for an axisymmetric vortex, which, as shown,627

is useful as a benchmark for understanding aspects of628

the structure of tropical cyclones. For the first time, two629

different methods for solving the steady nonlinear bound-630

ary layer equations were compared: one in which the631

unsteady form of the equations was integrated to a steady632

state (Method 1) and the other in which the steady equa-633

tions were integrated radially inwards from the outer634

boundary using the linear solution to provide the outer635

boundary condition (Method 2). Method 2 requires that636

the radial velocity remains non-zero during the integra-637

tion inwards, whereas Method 1 has the advantage of638

providing a solution close to the rotation axis, although639

it requires a degree of horizontal diffusion to be included640

to keep the integration stable. Despite these differences,641

the two methods showed excellent agreement in most of642

the solution domain.643

Solutions were shown for a range of gradient wind644

profiles with the same maximum wind, the same radius645

at which this maximum occurs, but with varying outer646

breadths. It was found that, in vortices whose outer647

circulation is relatively narrow, the location of maximum648

ascent out of the boundary layer lies inside the radius649

of maximum gradient wind. In contrast, when the outer650

circulation is relatively broad, the maximum ascent lies651

outside this radius. These findings are consistent with652

observations of rapidly intensifying storms in the former653

case and mature or slowly decaying storms in the latter654

case.655

Shown also is the propensity of the boundary layer656

of broad vortices to produce a secondary tangential wind657

maximum well beyond the radius of maximum gradient658

wind, an intrinsic feature of broadening storms that we659

believe is relevant to understanding secondary eyewall660

formation. Some implications of the new calculations to661

translating vortices and to the theory of potential intensity662

were discussed also.663

Appendix: Validity of the linear664

boundary layer solution665

As shown by Smith and Montgomery (2008) in Sec-666

tions 3.1 and 3.2, a necessary condition for the validity667

of the linear boundary layer solution, given here by Eqs.668

(4) and (5), is that the local Rossby number for the gra-669

dient wind, defined as Rov = vg/(rζag), where ζag is670

the absolute vorticity of the gradient wind, vg, satisfies671

the condition Ro << 1. A further requirement is that the672

boundary layer velocity is such that |va/vg| << 1, where673

va is the agradient velocity in the boundary layer. Radial674

profiles of Rov for the vortex profiles in Fig. 1 are shown675

in Fig. 8 for the entire domain of the calculations used676

here, 1000 km. One may judge from this figure that the677

linear approximation should be a reasonable one near this678

boundary for all except the two broadest vortices, but that679

it is generally strongly violated for all gradient wind pro-680

files at radii less than about 300 km. It is within this region681

that the boundary layer spin-up enhancement mechanism682

is operative as shown Section 4.1.683

0 200 400 600 800 1000
radius  (km)

0

1

2

3

4

5

6
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v

Boundary layer scale: Rov
Rov(x = 1.3)
Rov(x = 1.5)
Rov(x = 1.7)
Rov(x = 1.9)
Rov(x = 2.1)
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Figure 8. Radial profiles of the local Rossby number, Rov =
vg/(rζag), based on the gradient wind profiles shown in Fig. 1.
Here ζag is the absolute vorticity of the gradient wind, vg . The
condition Rov << 1 is a necessary requirement that the linear
boundary layer solution be valid. The nonlinear boundary layer
spin-up enhancement mechanism is operative when this condition

is violated.
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