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An improved version of a minimal model for a tropical cyclone is described.
The model is used to revisit some fundamental aspects of vortex behaviour
in the prototype problem for tropical cyclone intensification. After rapidly
intensifying to a mature phase in which the maximum tangential wind speed
remains quasi-steady for a few days, the vortex ultimately decays. In a 20
day simulation, the vortex never becomes globally-steady.In particular, the
upper anticyclone continues to expand for the duration of the integration. These
results are consistent with those of recent studies using more sophisticated
numerical models. As in the latter models, an important feature of the dynamics
of spin up is the development of supergradient winds in the boundary layer and
the vertical advection of the associated high tangential-momentum air from the
boundary layer to spin up the eyewall region. This mechanism, while consistent
with some recently reported results, is not part of the classical theory of spin up.
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1. Introduction

Simple models occupy an important niche in providing
basic understanding of tropical cyclone behaviour. Indeed,
three of the early paradigms for tropical cyclone
intensification are based on minimal models with a
simplified representations of the physical processes thought
to be of most importance (Charney and Eliassen 1964,
Ooyama 1969, Emanuel 1989, 1997). A recent review of
these paradigms is given by Montgomery and Smith (2014).

More than a decade ago, Zhuet al. (2001) described
one such minimal numerical model, a three-dimensional,
three-layer, model formulated inσ-coordinates. The model
was designed initially to examine the sensitivity of
tropical cyclone intensification to different convective
parameterization schemes in the same model and in a
configuration that was simple enough to provide insight
into the differences between schemes in relation to the
intensification process. A novel feature of the model
was the ability to switch from one mass-flux cumulus
parameterization scheme to another by simply changing the
method for determining the cloud base mass flux.

An axisymmetric version of the Zhuet al. model was
developed by Nguyenet al. (2002) and a slightly modified
version thereof was used more recently by Smithet al.
(2011) to explore the effects of latitude on tropical cyclone
intensity and size. In the latter study, the model was
run for a period of 12 days, by which time the vortex
appeared to have reached a quasi-steady state as judged
by the evolution of the maximum tangential wind speed.
Based on the behaviour of previous simple models, a quasi-
steady solution was to be expected and was not questioned.
Very recently, however, the issue ofglobally steady-state
tropical cyclone solutions has come under close scrutiny
(Smith et al. 2014a) because of the need in such models
to replenish the cyclonic angular momentum lost to the
system by friction at the sea surface (Anthes 1972). Thus,
one motivation of the present study is to establish whether
the solutions obtained in previous versions of the minimal
model were globally steady and, if so, to identify the source
of angular momentum.

In more sophisticated three-dimensional, multi-layer
models discussed by Smithet al. (2014a) and Kilroyet
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al. (2015), a global steady state was not achieved and
after going through a mature phase in which the maximum
tangential wind speed remained quasi-steady for a few
days, the vortex ultimately decayed. Moreover, the upper
anticyclone continued to evolve, even during the mature
stage so that the vortex was not globally quasi-steady. Here
we investigate this issue with a modified version of the
minimal axisymmetric model of Smithet al. (2011).

A further issue with previous versions of the minimal
model, again only recently discovered, is that the surface
enthalpy fluxes are unrealistically large, a feature that is
attributable to the assumption of a well-mixed boundary
layer (the lowest layer of the minimal model). The problem
arises because, in a conventional bulk formulation, the
surface moisture flux is assumed to be proportional to the
difference between the saturation specific humidity at the
sea surface temperature and the specific humidity at a height
of 10 m above the surface. Assuming that the specific
humidity in the boundary layer is well mixed, as is done
also in the Emanuel formulations (Emanuel 1989, 1997,
2003, 2012), the specific humidity at a height of 10 m
can be equated with that throughout the boundary layer.
However, the results from models with a more sophisticated
representation of the boundary layer suggest that this may
be a poor approximation, except possibly for a small range
of radii inside the radius of maximum tangential wind
speed (see e.g. Rotunno and Emanuel 1987, their Figure 12
and Montgomeryet al. 2014, their Figure 14∗). A further
examination of this issue provides additional motivation for
the present paper.

A final aim of the paper is to compare our results with
those of a recent study by Kilroyet al.(2015), which uses a
more sophisticated three-dimensional model. They showed
that tropical cyclones grow progressively in size and decay
in intensity after reaching maturity. We examine whether
such behaviour is a feature of the minimal model.

The paper is organized as follows. The model and the
details of the numerical simulation carried out are described
in sections2 and 3. The results of the simulation are
presented and discussed in sections5 and6, respectively.
The conclusions are given in section7.

2. Description of the numerical model

2.1. Governing equations

The model used here is an axisymmetric version of the
minimal three-layer hurricane model described by Zhu
et al. (2001), similar to that developed by Nguyenet
al. (2002). The formulation is based on the hydrostatic
primitive equations in cylindricalσ-coordinates (r, λ, σ)
on anf -plane, whereσ = (p− ptop)/p

∗, p∗ = ps − ptop,
ps andptop are the surface and top pressures, respectively,
ptop is a constant (taken here to be 100 mb), andf is
the Coriolis parameter. The lower interfaceσ-level is 8/9
and the upper one is 3/9. The upper and lower boundary
conditions require thaṫσ = 0 at σ = 0 andσ = 1, where
σ̇ = Dσ/Dt is the ‘vertical’ σ-velocity andD/Dt is the
material derivative. The radial and tangential momentum
equations and the hydrostatic equation are:

∗This figure shows an appreciable negative vertical gradientof equivalent
potential temperature in the boundary layer which stems from a negative
gradient of specific humidity there.
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whereu and v are velocity components in the radial and
tangential directions,R is the specific gas constant for dry
air, κ = R/cp, cp is the specific heat of dry air,θ is the
potential temperature,φ is the geopotential, andDu andDv

represent terms associated with turbulence in the radial and
azimuthal directions, respectively, andp0 = 1000 mb.

The surface pressure tendency equation, derived from the
continuity equation and boundary conditions is
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The thermodynamic and moisture equations are
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where θ is the potential temperature,q is the specific
humidity, Qθ and Qq represent the diabatic heat and
moisture sources associated with deep cumulus convection,
andDθ andDq denote contributions from turbulence. The
terms Rθ and Rq represent relaxation of the potential
temperature and moisture to the prescribed environmental
profiles. The temperatureT is related toθ by
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0
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2.2. Parameterization of turbulence

2.2.1. Surface turbulent fluxes

The turbulent flux of momentum to the sea surface and the
surface fluxes of sensible and latent heat are represented by
bulk aerodynamic formulae in the form

(Fu, Fv) = −ρCD |ub| (ub, vb)

Fsh = ρcpCK |ub| (Ts − Tair)

Fq = ρCK |ub| (q
∗
s − qair),

(9)

where the subscript ‘b’ denotes the value at the middle of
the boundary layer,|ub| is the horizontal wind speed,Ts

andq∗s are the sea surface temperature (set to28◦C) and the
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saturated specific humidity at this temperature (and at sea
surface pressure), respectively. Furthermore,ρ denotes the
near-surface air density,CD is the surface drag coefficient,
andCK is the exchange coefficient for enthalpy.

In an earlier version of the minimal model, it was
assumed that the specific humidity is well mixed and hence
constant throughout the boundary layer as is done in the
Emanuel formulations (Emanuel 1989, 1997, 2003, 2012).
It was found recently that, at least in the present model,
this assumption leads to surface moisture fluxes that are
unrealistically large. To circumvent this problem, we use
here a value forqair that is linearly interpolated to a height
of 250 m above sea surface, a value that was found to give
reasonable flux values. As a guidance for realistic values,
we followed an observational study by Cioneet al. (2000)
(see their Fig. 7).

In an earlier paper (Smithet al. 2011), the temperature
near the surface,Tair, was obtained by extrapolatingTb

along a dry adiabat to the2-m level above the sea surface.
This extrapolation was not done in older versions of the
model, whereTb was used instead. Here we use a linearly
interpolated value forTair similar to that forqair and in
order to obtain realistic values of the Bowen ratio, we
interpolateTair to a height of 150 m, i.e., 100 m lower than
the height of interpolated value ofqair.

As a precautionary means to inhibit the development
of parameterized deep convection in the outer-core region
over this extended period of integration, we set the surface
sensible and latent heat fluxes to zero beyond a radius of
500 km. However, we did carry out a calculation in which
these fluxes were not suppressed and the differences turned
out to be slight.

Guided by results from the coupled boundary layer air-
sea transfer experiment (CBLAST: see Blacket al. 2007,
Drennanet al.2007, Frenchet al.2007, Zhanget al.2008)
and as in Smithet al. (2014b), the drag coefficientCD is
determined by the formula

CD = [(0.7 + 1.4{(1− exp(−0.055RF |ub|)}]× 10−3,
(10)

whereRF = 0.8 reduces the boundary layer wind speed,
|ub|, to the10-m level. In contrast,CK is set to a constant
value of1.3× 10−3.

When the equations are discretized in the vertical, the
surface fluxes of heat and momentum enter the equations
for the boundary layer through theD-terms as follows.
The contributions of the frictional drag terms toDu and
Dv in Equations1 and 2 are obtained by dividing the
corresponding termsFu andFv in Equation9 by the depth
zb and the densityρb of the lower layer. DividingFsh by
(ρbcpπszb) andFq by (ρbzb) gives the contributions of the
surface fluxes of sensible and latent heat toDθ andDq,
respectively.

2.2.2. Subgrid-scale diffusion

To suppress small-scale noise and numerical instability
in the model, it is necessary to filter out energy
in high-frequency waves. In an axisymmetric model,
the parameterization of subgrid-scale diffusion not only
represents unresolved subgrid-scale motions. Any non-
axisymmetric motion such as mesovortices in the eye
or eyewall, boundary layer roll vortices, upper-level
asymmetric outflow jets, or vortex Rossby waves must be
viewed as turbulence in an axisymmetric model, and hence,

must be incorporated through parameterization (Bryan and
Rotunno 2009). Thus, as in the asymmetric version of
the model, a biharmonic damping term is appended to all
prognostic equations except the pressure tendency equation.
This term has the form

− k4∇
4χ, (11)

where χ is any of the variablesu, v, θ, q, and k4 is a
diffusion coefficient withk4 = ∆4/τ4, where ∆ is the
horizontal grid spacing, andτ4 is a time scale, set here to
0.0625 hours. Contrary to Nguyenet al. (2002), we found
that the biharmonic damping termis sufficient to smear out
large amplitude shocks that occur at grid points where there
is a sudden release of latent heat associated with the explicit
condensation on the grid scale.

In addition to biharmonic damping, Newtonian damping
terms of the form−νu and−νv are added to the momentum
equations foru andv in the outermost quarter of the domain
in order to diminish the reflection of disturbances that reach
the outer boundary. The damping coefficient increases with
radius according to

ν =
1

2τ1

[

1− cos
(

π
r − rd
R− rd

)

]

, (12)

whererd is the radius at which the Newtonian damping
term is first applied,R is the domain size in the radial
direction, andτ1 is a time scale set to360 s. In regions of
the flow which are anticyclonic, this term provides a source
of angular momentum, while in regions where the flow is
cyclonic, it represents a sink of angular momentum.

2.3. Parameterization of convection and explicit moist
processes

Latent heat release in deep cumulus clouds on the subgrid-
scale is represented by a parameterization scheme proposed
by Arakawa (1969). The scheme is a type of mass flux
scheme in which the subgrid-scale mass flux is determined
by assuming that deep convection tends to remove any
conditional instability on a prescribed time scale. This time
scale is typically on the order of an hour, a value that is used
for this study. The removal of instability is accomplished by
relaxing the moist static energy of the upper layer towards
that of the boundary layer on the assumed time scale. This
scheme is complemented by a simple explicit scheme that
is implemented where there is condensation on the grid
scale. The two schemes are largely complementary in the
sense that once a grid column saturates, the convection
parameterization scheme tends to turn off in that grid
column. See Zhuet al. (2001) for further details of these
schemes.

2.4. Parameterization of radiative cooling

The effect of radiative cooling is crudely represented by
the Newtonian cooling term,Rθ = −(θ − θref )/τR to the
right-hand-side of the thermodynamic equation, Equation
(6). Here,θref denotes the potential temperature profile of
the basic state andτR is a radiative time scale. Following
Mapes and Zuidema (1996), this time scale is set to 10 days.
As in previous versions of the model, the cooling rates were
capped at−2K d−1 although this rate is rarely exceeded
with the new 10 day time scale. In earlier calculations with
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the model, where, following Rotunno and Emanuel (1987,
p546),τR was set to 12 h, this capping was essential to
prevent unrealistic large cooling rates in the central region.
In the present model, relaxation was not applied when the
relative humidity in the upper layer exceeded 90 % as a
crude way of representing the effect of cloud cover on the
heat lost to space by radiation. A similar relaxation term,
Rq = −(q − qref )/τR is applied to the moisture tendency
beyond a radius of 500 km to suppress moisture changes in
the far field.

2.5. Boundary and initial conditions

The calculations are carried out in a cylindrical domain
(0 ≤ r ≤ R, 0 ≤ σ ≤ 1), withR = 3000 km. The boundary
conditions in each layer atr = 0 andr = R are:

u = 0, v = 0,
∂A

∂r
= 0, (13)

whereA can be any of the quantitiesu, v, θ, q.
The initial tangential wind profile is that used by Nguyen

et al. (2008), which has a maximum tangential wind
speed of 15 m s−1 at the surface at a radius of 100 km.
The balanced temperature field corresponding with this
vortex is obtained using the method described by Smith
(2006: see section 2.3 therein). The far-field temperature
and humidity structure are based on the Dunion tropical
sounding (Dunion 2011). The initial surface pressure is
1015.1 mb. In the presence of the initial vortex, the
minimum surface pressure (at the vortex centre) is 1009 mb.

2.6. Numerical method

The model has three layers of unequal depth with
boundaries atσ = 1, σ4, σ2 andσ = 0 as depicted in Fig.
1. All dependent variables, such as horizontal velocity,
potential temperature, specific humidity and geopotential,
are defined in the middle of each layer (σ = σb, σ3, and
σ1) and the vertical velocity is staggered,i.e. it is defined
at the boundaries between the layers (σ = σ4 andσ2). In
the radial direction, the horizontal velocity components,u
and v, are staggered also as indicated in Fig.1. This is
the so-called Lorenz-grid (L-grid). The advantage of the L-
grid model is that total energy is conserved. In addition, the
mean potential temperature and the variance of the potential
temperature are conserved under adiabatic and frictionless
processes (Arakawa and Suarez 1983).

A disadvantage of using the L-grid is that it permits a
computational mode and in the study by Zhu and Smith
(2003) it was replaced by a Charney-Phillips grid. At that
time it was thought that the subsequent flow evolution
should be approximately symmetric and Zhu and Smith
(2003) found that this was much more the case when using
the Charney-Phillips grid. Subsequently, it was recognized
that the development of flow asymmetries were a natural
consequence of the development of resolved-scale deep
convection in the model (Shin and Smith 2008, Nguyenet
al. 2008) rather than a negative consequence of using the L-
grid. In this study we adopt the L-grid for its conservation
properties in long-term integrations. The equations are
expressed in finite difference form in both the radial and
vertical and integrated using the Adams-Bashforth third-
order method with an integration time step of 6 s.

Figure 1. Configuration ofσ-levels in the model with a Lorenz grid
showing locations where the dependent variables are stored. The horizontal
velocity components, geopotential, temperature, specifichumidity are
calculated in the middle of each layer. These are the layers 1, 3 and b.
The vertical velocityσ̇ and the convective mass fluxes are stored at the two
interface levels 2 and 4. From Nguyenet al. (2002).

3. The calculations

In order to address the issues/questions posed in the
introduction, we present one calculation that investigates the
evolution of an initially weak baroclinic vortex to a mature
tropical cyclone and the subsequent decay of this cyclone
over a 20 day period. The Coriolis parameter,f , is set to a
constant value,fo, that corresponds to a reference latitude
of 20oN.

4. Paradigm for understanding the results

To provide a setting for an interpretation of the results,
we review briefly the azimuthally-averaged view (relevant
here) of the rotating convection paradigm for intensification
articulated by Montgomery and Smith (2014) and Smith
and Montgomery (2015). In the classical mechanism for
intensification, which Montgomery and Smithop. cit. term
“the cooperative intensification paradigm”, the spin up of
the winds above the boundary layer (that are widely held to
be in approximate gradient wind balance) is accomplished
by the convectively-induced inward radial advection of
the surfaces of constant absolute angular momentum†, M ,
where this quantity is approximately materially conserved.
It is assumed that surface moisture fluxes are sufficient to
maintain the required deep convective activity.

It turns out, however, that the spin up of the maximum
tangential winds takes place within the frictional boundary
layer, whereM is not materially conserved and where the
winds are no longer in approximate gradient wind balance.
While at first sight this idea may seem counter intuitive,
it has a simple explanation. What happens is as follows.
The breakdown of gradient wind balance by the frictional
retardation of the tangential wind component leads to a net
inward (agradient) force in the boundary layer, which, as it
turns out, leads to a much stronger inflow than in the vortex
above. The stronger the inflow, the shorter is the trajectory
of air parcels as they spiral inwards and therefore the
smaller is the loss ofM caused by the frictional torque. Spin

†The quantityM is defined in terms of the tangential wind speedv by
the formulaM = rv + 1

2
fr2, wherer is the radius andf is the Coriolis

parameter. Alternatively,v = M/r − 1

2
fr.
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up of the maximum tangential winds in the boundary layer
is possible if the fractional rate of reduction ofM fo;;owing
an air parcel is less than the fractional rate of reduction
of inward displacement of the air parcel. Following the
foregoing authors, we refer to this feature as “the boundary-
layer spin up mechanism”.

Figure 2. Time-series of (a) maximum tangential wind speed,Vmax and
(b) the radius,Rvmax, where it occurs. Panel (c) shows the outermost
radius of gale-force winds,Rgales. The red curves are for the boundary
layer, labelled b, the blue curves for the middle layer, labelled 3. The
vertical lines in each panel delineate four periods of evolution depending on
Vmax. The intervals I1 and I2 refer to two periods of rapid intensification,
MA refers to the mature stage and DY refers to the decay phase.The
jumps inRvmax andRgales in panels (b) and (c) are associated with
the development of new local maxima ofVmax in the middle layer as
discussed in the text.

The two mechanisms of spin up are coupled through
boundary layer dynamics. Moreover, because the strength
of both wind components in the boundary layer increases
as the tangential wind speed above the boundary layer
increases, a spin up of the winds in the boundary layer
requires a spin up of the winds above the boundary layer
as well.

In the absence of deep convection, the inflow within
the frictional boundary layer leads to outflow just above
the boundary layer and therefore spin down on account of
the outward advection of theM -surfaces. Clearly, for the
vortex above the boundary layer to spin up, the inner-core
convection must be strong enough to reverse the effect of
friction and produce inflow above the boundary layer. In
other words, this convection must be strong enough not
only to “ventilate” the air that is converging in the boundary
layer, but also to draw air inwards in the lower troposphere,
at least beyond a certain radius (see section6.5).

5. Results: control experiment

5.1. Evolution of intensity

Figure2 shows time series of the maximum tangential wind
speed,Vmax, in the lower and middle layers together with
the radii,Rvmax, where they occur. It shows also the radii,
Rgales, at which the tangential wind speed in the lower
and middle layers fall to gale force (17 m s−1). During
the first few hours the vortex slowly decays due to surface
friction (see section4). Thereafter, as convective heating
commences, the vortex begins to intensify. After about 2
days the vortex undergoes rapid intensification (RI) (the
period I1 in Fig.2), then decays a little before reintensifying
(the period I2 in Fig.2) to reach a peak intensity of 49.7 m
s−1 in the lower layer after about 5 and a half days. After
reaching its peak intensity, the vortex undergoes a further
period of slight decay followed by a re-intensification phase
before steadily decaying. At the end of the simulation,Vmax

is 21.4 m s−1. Shown in Fig.2 are two other periods
characterizing the mature phase (MA) and decaying phase
(DY), which will be referred to later.

Note that the maximum tangential wind speed in the
middle layer is always smaller than that in the lower layer
with maximum differences of about 5 m s−1 at times where
the intensity has a local maximum.

Figure 3. Time-series of maximum vertical velocity from the middle tothe
upper layer and the radius,Rwmax, where it occurs. The periods I1, I2,
MA and DY are as defined as in Fig.2.

5.2. Evolution of inner-core vortex size

The radius of maximum tangential wind speed,Rvmax

serves as a metric for the inner-core size. Figure2b shows
time series of this metric. The onset of rapid intensification
after 2 days coincides with the lowest value ofRvmax of 43
km in the lower layer. Thus, in this layer, the inner-core size
increaseseven during the period of rapid intensification.
Thereafter,Rvmax steadily increases.
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In the middle layer, the minimumRvmax, about 44 km,
occurs just after the first period of RI and its value remains
quasi-steady until about 17 days. The longer term behaviour
of Rvmax in this layer requires some clarification. In section
5.6, we show,inter alia, Hovmöller plots ofv. These plots
indicate that beyond about 13 days, the tangential wind field
develops two local maxima, first in the lower layer and a few
days later in the middle layer. The first local maximum is
found at about 50 km in both layers and its location remains
steady for the entire simulation. However, the second local
maximum increases in magnitude, eventually exceeding
that of the first maximum. The curve forRvmax in Figure
2b follows the outer maximum. A study of the absolute
angular momentum budget presented in section6 will help
to understand this aspect of vortex behaviour.

5.3. Evolution of outer-core vortex size

Figure2c shows time series of the outermost radius of gale-
force tangential wind speed,Rgales, which is used here to
characterize the outer-core vortex size. Comparison with
Fig. 2b shows that the evolution ofRgales is not obviously
related to that ofRvmax, nor is it related to the evolution
of Vmax. This behaviour is in line with the observations of
typhoons described by Weatherford and Gray (1988) that
inner-core changes in the azimuthal-mean tangential wind
speed often occur independently from those in the outer
core.

In the lower layer, gale-force tangential wind speeds
develop first atr = 70 km after a little under one day. Over
the next 12 h,Rgales increases only slightly before levelling
off. After about two and a half days, at the start of RI as
delineated by I1,Rgales increases steadily, reaching a peak
value of about 400 km after 10 days. At this time,Vmax has
already begun to decline. Thereafter,Rgales decreases to a
value of 350 km after 20 days.

In the middle layer,Rgales progressively increases,
reaching a peak value of about 750 km just after 13 days.
Then, the value falls abruptly to a quasi-steady value of 280
km. The reason for this behaviour is discussed in section
5.6).

5.4. Comparison to Kilroy et al. (2015)

In a similar calculation to the one here, but using a
more sophisticated multi-layer model, Kilroyet al. (2015)
showed that during a 30 day integration, the tropical
cyclone grew progressively in size and decayed in intensity
after reaching maturity. The behaviour of the vortex in
our simulation is quite similar, although the decay after
reaching maturity is more rapid, the growth inRvmax

during the decay phase is larger, but the growth inRgales

does not continue (Fig.2). A likely reason whyRgales

does not expand throughout the whole simulation as in the
calculation byet al., but starts to contract again after about
10 days is thatVmax in the Kilroy et al. simulation still
lies above hurricane-strength after 30 days of integration,
while the final intensity in our calculation has dropped as
low as 21.4 m s−1 after 20 days. The inner-core vortex size,
as measured byRvmax, increases progressively thoughout
the whole simulation and reaches unrealistic values on the
order of 200 km after 20 days, whereas that in the Kilroy
et al. simulation it increases only to about 70 km. However,
unlike in their simulation, the tangential wind field in the
present one develops two local maxima (Fig.2b). This

development is not akin to an eyewall replacement cycle
as the outer maximum moves outwards with time. At this
stage, we do not have an explanation for all these differences
in detail.

5.5. Evolution of the secondary circulation

Figure 3 shows time series of the maximum vertical
velocity, wmax, from the middle to the upper layer. This
quantity is a measure of the strength of the secondary
circulation. Shown also is a time series of the radiusRwmax,
at whichwmax occurs. As the storm intensifies,Rwmax

provides information about the location of the eyewall
updraught. The temporal evolution of these quantities
follows those ofVmax andRvmax, respectively (compare
Figs. 2a,b with Fig.3). The maximum value forwmax of
129 cm s−1 occurs at about five and a half days, where the
time series ofVmax shows its peak maximum. We do not
show values ofwmax beyond 18 days when the vertical
velocity becomes very small and its radial distribution
shows several local maxima.

While wmax is one measure of the strength of
the secondary circulation passing through the eyewall
updraught, it is not the key measure. This is because it
does not quantify the ability of this updraught to ventilate
the mass converging in the boundary layer. What matters
for generating inflow above the boundary layer to spin
up the tangential winds (the classical spin up mechanism
discussed in section4) is the difference between the
radially-integrated mass flux across the updraught at the top
of the middle layer and that at the top of the lower layer,
i.e. the top of the boundary layer. We denote this difference
by dMf . Specifically, the mass fluxes, themselves, are
calculated by integrating the vertical velocity, where it is
positive, with respect to radius and multiplying by the
ambient density at each level. The integration extends to
a radius,RMF = 150 km, large enough to encapsulate the
eyewall updraught, but small enough that the neglect of
negative values of vertical velocity is justified.

Figure4 shows a time series ofdMf together with a time
series ofVmax in the middle layer. Positive values ofdMf
indicate that the eyewall updraught is more than able to
ventilate the mass flux expelled from the boundary layer so
that, by mass continuity, there must be inflow in the middle
layer at and beyondr = RMF . Such inflow is indeed
found during this period as shown in Fig5d. Assuming the
material conservation of absolute angular momentum in this
layer, this inflow would lead to a spin up of the tangential
wind there. In contrast, negative values ofdMf imply that
not all of the air that leaves the boundary layer can be vented
into the upper troposphere within the eyewall so that there
must be radial outflow atr = RMF and an accompanying
tendency to spin down of the tangential winds in the middle
layer there.

During the first few hours of the simulation,Vmax

decreases slightly in the middle layer and, as expected,
dMf is negative during the time period. During the
subsequent gradual increase in intensity,dMf becomes
positive, again as expected. However, during the rapid
intensification phase after two days,dMf again becomes
negative, contrary to expectations based on the foregoing
considerations and there must be another process by which
the inner-core tangential winds spin up in the middle
layer. As will be shown in section6, the spin up of the
eyewall region occurs by the vertical advection of angular
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Figure 4. Time series of the difference between the mass fluxes at the
upper and the lower level,dMf (red contour) and the maximum tangential
wind speed in the middle layer (blue curve). The periods I1, I2, MA and
DY are as defined as in Fig.2.

momentum from the boundary layer and not by the classical
spin up mechanism .

Beyond the onset of the first rapid intensification phase,
dMF is generally negative, which would imply outflow at
r = RMF . It turns out that there is outflow in the middle
layer within this radius (see Fig.5d) suggesting that any spin
up there must be associated with the vertical advection of
angular momentum from the boundary layer. This inference
will be affirmed in section6.

5.6. Evolution of vortex structure

Further insight into the evolution of vortex structure is
provided by time-radius plots of various quantities shown
below.

Figure 5 shows time-radius plots of the tangential and
radial wind speed components in each of the three layers.
Similar plots of vertical velocity at the two interface levels,
relative humidity in the middle and lower layers, and surface
sensible and latent heat fluxes are shown in Fig.6. During
the first 51 h, the vortex intensity increases gradually in all
three layers, while the radius of maximum tangential wind
speed decreases. For example, in the boundary layer,Rvmax

decreases from 100 km to about 50 km. The strong moisture
fluxes at the sea surface that typically increase with wind
speed and with decreasing pressure‡ lead to rapid saturation
of the lower layer (in a vertical mean sense) after only three
hours (see Fig.6c). Of course, in reality, this tendency for
the boundary layer to saturate would be opposed by vertical
mixing through the top of the layer by processes involving
shallow convection, which are not represented in the present
model.

The moistening of the inner core in the middle layer
occurs by vertical advection from below. However, even
prior to the occurrence of grid-scale saturation in the middle
layer after 51 h, subgrid-scale deep convection leads to
slight warming of the inner core. This warming leads
to a moderate strength secondary circulation with low-
and middle-level convergence, ascent near the radius of
maximum tangential wind speed and divergence aloft (see
right panels of Figures5 and6). The onset of RI at 51 h
occurs when there is grid-scale saturation in the inner core
of the middle layer (Fig.6a). The explicit release of latent

‡See Eq. (9) and recall thatq∗s increases with decreasing surface pressure.

heat leads to a sudden increase in the radial gradient of
diabatic heating, which, in turn leads to a sharp increase
in the strength of the secondary circulation,i.e. strong
convergence in the lower and middle layers, strong ascent
at both interface levels and divergence in the upper layer
(Fig. 5b,d,f and Fig.6c,d). The convective parameterization
scheme becomes inactive at radii less than about 150 km
after 60 hours and at all radii after about 4 days.

The annular region of strong ascent depicted in the
right panels of Fig.6 is accompanied by subsidence
near the centre, indicative of an eye. Even prior to rapid
intensification, a region of strong subsidence has formed.
After about three days, however, the region of strongest
subsidence is found just inside the ascent region of the
eyewall whereas the air at the centre is slowly ascending.
This behaviour has been described in an analytical study
by Schubertet al. (2007). Another prominent feature of
the vortex evolution is the development of an upper-level
anticyclone at outer radii after about half a day (see section
5.7).

With the onset of RI, the vertical velocity fields show
also regions of strong subsidence outside the inner-core
region (the region outside the “eyewall updraught”), which
account for adiabatic warming and drying in the middle and
lower layers. The subsidence advects also lower values of
absolute angular momentum from the upper layer into the
middle layer, which accounts for the development of a local
minimum in the tangential wind field after about 6 days (see
Fig. 5c). The sudden collapse ofRgales from 750 km to
280 km after 13 days seen in Fig.5c can be attributed to
this downward advection process. A study of terms in the
tangential momentum equation presented in section6 sheds
further light into this feature.

During the course of this work we discovered that the
surface fluxes of sensible and latent heat in calculations with
earlier versions of the present model were unrealistically
large. This feature was found to occur because of the
assumption of a well-mixed boundary layer as is made in the
Emanuel formulations (Emanuel 1989, 1997, 2003, 2012).
To remedy this problem we modified the parameterization
scheme for the surface enthalpy fluxes as detailed in section
2.2.1. Time-radius plots of surface sensible and latent heat
fluxes in the present calculation are shown in the lower
panels of Fig.6. Both fluxes increase strongly with wind
speed in the inner core and reach maximum values of
about 240 W m2 and 1380 W m2, respectively. Using
the modified scheme, the maximum values of sensible
and latent heat fluxes and the radial distribution of the
Bowen ratio compare reasonably well with those in an
observational study by Cioneet al. (2000).

5.7. Outflow layer, upper anticyclone

Figure7 shows time series of the minimum tangential wind
speed in the upper layer and the radius,Rvmin, where it
occurs. The upper anticyclone begins to develop after half
a day of simulation. The minimum tangential wind speed
decreases monotonically to -42.9 m s−1 and the radius,
where it occurs increases steadily to 1540 km after 20 days.
The upper anticyclone continues to grow throughout the
simulation and over the 20 days of integration, the vortex
does not reach a globally steady-state.
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Figure 5. Time-radius plots of the tangential,v, and radial wind speed components,u. Positive values red/solid, negative values blue/dashed.(a) v in
the upper layer (contour interval is 5 m s−1), (b) u in the upper layer (contour interval is 1.0 m s−1), (c) v in the middle layer (contour interval as in
panel a), (d)u in the middle layer (contour interval as in panel b), (e)v in the lower layer (contour interval as in panel a), (f)u in the lower layer (contour
interval is 5 m s−1 (negative values) and 1 m s−1 (positive values)). The periods I1, I2, MA and DY are as defined as in Fig.2.
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Figure 6. Time-radius plots of: relative humidity,RH, in (a) the middle layer and (c) the boundary layer; verticalvelocity,w, at (b) the upper interface
level, and (d) the lower interface level; (e) surface sensible heat flux and (f) surface latent heat flux. Contour intervalfor relative humidity is 10%. Positive
contour interval vertical velocity is 20 cm s−1, the negative contour is -5 cm s−1. Contour interval for the heat fluxes is 10 W m−2 in panel (e) and 100
W m−2 in panel (f). The periods I1, I2, MA and DY are as defined as in Fig. 2.
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6. Discussion and further interpretation

In this section we examine several important features
of vortex evolution including: the boundary layer spin-
up mechanism; the tangential momentum budget for the
intensification and decay periods; the (artificial) source of
cyclonic angular momentum resulting from the damping
of tangential momentum in the far field; and finally the
ventilation of the boundary layer inflow.

Figure 7. Time-series of minimum tangential wind speed,Vmin in the
upper layer and the radius,Rvmin, where it occurs.

6.1. Spin up in the boundary layer

To illustrate the boundary-layer spin up mechanism, we
show in Fig. 8 time-radius plot of the difference,dv =
vb − v3, between the tangential wind speed component in
the boundary layer and the middle layer together with the
agradient force in these two layers. In contrast to Figs.
5-6, Fig. 8 shows the evolution for the first eight days
covering the intensification and mature phases of the vortex.
The agradient force (per unit mass),Fa, is defined as the
difference between the local pressure gradient force and the
sum of the centrifugal and Coriolis forces (per unit mass),
i.e. Fa = −(1/ρ)(∂p/∂r) + (v2/r + fv). The tangential
flow is in exact gradient-wind balance ifFa = 0. If Fa < 0,
the flow issubgradientand if Fa > 0, it is supergradient.
Consistent with the explanation in section4, there is a range
of radii near or insideRvmax in which the tangential wind
speed in the boundary layer is larger than above (Fig.8a).

The behaviour in Fig.8 is consistent with the description
in section4. At early times,vb > v3 because the initial
tangential wind speed decreases with height (Fig.8a),
but the boundary layer becomes subgradient (except in
localized regions that are indicative of inertia-gravity waves
generated by the sudden imposition of friction) as seen in
Fig. 8c. After about a day, the flow in the boundary layer
becomes strongly subgradient beyond a radius of about 50
km. The negative agradient force accelerates air parcels
rapidly inwards in this layer (Fig.5f), with only modest loss
of absolute angular momentum so that the flow becomes
supergradient in a 20-30 km wide region inside this radius.
The inflow then decelerates and turns upwards. Note that
the region of supergradient winds coincides with the region
of strong ascent from the boundary layer into the eyewall
updraught. This region is indicated by the thick black line
that depicts the 20 cm s−1 contour of vertical velocity at the
top of the boundary layer in Fig.8b and8c.

Values ofFa in the middle layer are much smaller than
those in the boundary layer (Fig.8c), so that, especially

Figure 8. Time-radius plots of (a) the difference between the tangential
wind speed in the boundary layer and the middle layer (contour interval 1
m s−1, positive contours red/solid, negative contours blue/dashed). Shown
also is the agradient force in (b) the middle layer (contour interval 1 m s−1

h−1 (positive values), 5 m s−1 h−1 (negative values)) and (c) boundary
layer (contour interval 5 m s−1 h−1). Positive contous red/solid, negative
contours blue/dashed. The thick black curve in each panel isthe 20 cm s−1

contour of vertical velocity from the boundary layer to the middle layer in
the eyewall region.

outside some inner-core region, gradient wind balance
serves as a good approximation. The positive values ofFa
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within the updraught drives outflow (see Fig.5d) that leads
to a spin down of the layer and thereby to a readjustment
back to gradient wind balance.

6.2. Tangential momentum budget

In order to understand some details of the spin-up and decay
processes in the model we investigate now the magnitude
of each of the terms in the tangential momentum equation
(Equation2). First, it may be helpful to recall different
forms of the tangential momentum equation. With a few
lines of algebra, it can be shown, that these three equations
are equivalent:

∂v

∂t
= −u

∂v

∂r
− σ̇

∂v

∂σ
− fu−

uv

r
+Dv, (14)

∂v

∂t
= −u(ζ + f)− σ̇

∂v

∂σ
+Dv, (15)

1

r

∂M

∂t
= −

u

r

∂M

∂r
−

σ̇

r

∂M

∂σ
+

Dv

r
, (16)

where ζ = (1/r)(∂(rv)/∂r) is the vertical component
of relative vorticity in the model coordinates. All other
variables have been defined in section2. These equations
show that the sum of terms−u∂v/∂r− uv/r − fu in
Equation14 is equivalent to the radial flux of absolute
vorticity, −u(ζ + f) in Equation 15, and to the radial
advection of absolute angular momentum divided byr,
i.e.−(u/r)(∂M/∂r) in Equation (16). The latter equation
shows that in regions where diffusion is negligible, typically
above the boundary layer,DM/Dt = 0 so that absolute
angular momentum is materially conserved.

Figure9 shows radial profiles of all contributions to the
tangential momentum equation in all three layers during the
first period of RI. Panel (c) shows that the vortex spin-up in
the boundary layer occurs predominantly by the inward flux
of absolute vorticity (equivalent to the inward advection of
absolute angular momentum). Another positive contribution
to∂v/∂t is the vertical advection term with a magnitude that
is less than half of that of−u(ζ + f).

In regions wherevb > v3 and the flow is upwards, i.e.
(σ̇ < 0), −σ̇∂vb/∂σ is positive (see Fig.8a). Significantly,
the radial diffusion term is strongly negative betweenr =
40 and 80 km with a magnitude that is comparable with
that of−u(ζ + f). Surface friction, a dominant term in the
boundary layer, becomes very large also in the inner core on
account of the high wind speed near the eyewall. Of course,
the sum of all terms is positive during RI.

Panels (b) and (c) of Fig.9 show that at radii less
than 40 km, the spin-up tendency is dominated by the
radial diffusion of tangential momentum from the eyewall,
while at radii between 80 and 150 km, diffusion makes an
important contribution to spin up also, both in the lower
and middle layers. Since radial diffusion in the model
is implemented principally to control numerical aliasing
and has little physical basis, we resist making physical
interpretations involving the role of radial diffusion,
especially in an axisymmetric model. Indeed, more
sophisticated three-dimensional simulations of tropical
cyclone behaviour indicate that “eddy momentum transfer”
is not even downgradient in the inner core region of the
storm (Persinget al.2013).

It is significant that the strong upward motion from the
boundary layer to the middle layer occurs at radii where

the tangential wind speed is largest in the boundary layer
(see Fig.8a). Thus, at these radii, the middle layer is
being fed by angular-momentum enriched air. Figure9b
shows that, in the same annular region, there is an outward
flux of absolute vorticity in the middle layer, equivalent
to a negative advection of absolute angular momentum.
By itself, this outward flux would lead to spin down of
the tangential wind, but, as shown in Fig.9b, the vertical
advection of tangential momentum from the boundary layer
dominates and the vortex spins up. Clearly, the spin-up
of the middle layer in the updraught region is a result of
the upward transfer of higher values of absolute angular
momentum from the boundary layer and not from the radial
advection of absolute angular momentum in the middle
layer, supporting the ideas articulated by Nguyenet al.
(2002), Smithet al. (2009) and Smith and Montgomery
(2010). A similar behaviour is found in the second period
of RI (I2, not shown).

It is worth pointing out that the foregoing process of
spin-up cannot occur in time-dependent models that assume
approximate gradient wind balance in the boundary layer
such as those of Ooyama (1969), Emanuel (1997), Frisius
(2006) and Wirth and Dunkerton (2006).

6.3. Source of cyclonic angular momentum

Figure 9a shows the tangential momentum budget in
the outermost quarter of the domain, where Newtonian
damping terms are added to the radial and tangential
momentum equation in order to diminish the reflection
of disturbances that reach the outer boundary (see section
2.2.2). It is seen that Newtonian damping is the dominant
term beyondr = 2250 km and makes a positive contribution
to spin up. While the damping terms are necessary for
numerical reasons, the damping term in Eq. (14) represents
an artificial source of cyclonic angular momentum as noted
by Smith et al. (2014a). The subsequent decay of the
vortex in the present calculations indicates that this source
of cyclonic momentum is not large enough to maintain a
globally steady state.

The foregoing finding prompted us to revisit the solutions
presented in Smithet al. (2011) in which the solutions
appeared to have become steady at least in terms of
Vmax and at least up to 12 days. Further examination
of these solutions showed, however, that they were not
globally steady at this time and, as in the case here, the
upper anticyclone continues to evolve during the whole
simulation.

It is perhaps worth pointing out that, in the present
calculations, the Newtonian damping term only represents
asourceof angular momentum in theupperlayer where the
flow is anticyclonic. In the middle and lower layers, the flow
is cyclonic everywhere whereupon Newtonian damping acts
as a sink of angular momentum there.

6.4. Ventilation

Both during the first and second RI periods (I1 and I2) the
radially-integrated vertical mass flux at the top of the middle
layer is smaller than that at the top of the boundary layer
(see Fig.4). As discussed in section5.5, in this situation,
the eyewall updraught is not able to ventilate all the mass
flux expelled from the boundary layer. Thus the air in the
middle layer is constrained by mass continuity to move
radially outwards in the updraught region, implying a spin
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Figure 9. Radial profiles of the contributions to the tangential momentum
equation during period I1 (a) in the far field of the upper layer and in
the inner-core region in (b) the middle layer and (c) the boundary layer.
Curves 1 - 4 denote the contributions from the radial flux of absolute
vorticity (−u(ζ + f), curve 1), vertical advection (−σ̇∂v/∂σ, curve 2),
contribution toDv from radial diffusion (curve 3), and contribution toDv

from surface friction (curve 4). Curve 5 in panel a shows the contribution
from the Newtonian damping term in the last quater of the domain. Curve
6 denotes the sum of all these terms,i.e. the tendency ofv, ∂v/∂t. Note
the different scales in each panel.

down tendency. However, the inner-core vortex spins up
during this phase. We have shown above that the inner-
core vortex in the middle layer during RI period I1 is
spun up by the upward transfer of high of absolute angular
momentum from the boundary layer and not by the inward
flux of absolute vorticity. This spin-up mechanism occurs
also during period I2 (not shown).

Figure10shows similar profiles to Fig.9b and9c during
the decay phase. Surface friction has become the dominant
term in the boundary layer and leads to gradual decay

Figure 10. Radial profiles of the contributions to the tangential momentum
equation during the decay phase in the inner-core region of (a) the middle
layer and (b) the boundary layer. Curves 1 - 4 denote the contributions
from the radial flux of absolute vorticity (−u(ζ + f), curve 1), vertical
advection (−σ̇∂v/∂σ, curve 2), contribution toDv from radial diffusion
(curve 3), and contribution toDv from surface friction (curve 4). Curve 6
denotes the sum of all these terms,i.e. the tendency ofv, ∂v/∂t. Note the
different scales in each panel.

there. The contribution from the radial flux of absolute
vorticity is still positive and shows two local maxima at
about 10 and 120 km, which leads to a weaker decay rate
between these radii and thus to the development of two
local maxima in the tangential wind field of the boundary
layer (see Fig.5e). In the middle layer, spin-down occurs
predominantly by the outward flux of absolute vorticity on
account of conservation of absolute angular momentum.
For radii between 100 and 180 km, the vertical advection
term is still positive, although it is too small to outweigh
the terms that contribute negatively to the absolute angular
momentum budget. Nevertheless, the positive contribution
from the vertical advection term to the angular momentum
budget weakens the rate at which the vortex decays at these
radii (see curve 6) and explains the development of two
local maxima in the tangential wind field of the middle layer
(see Fig.5c).

6.5. Modified intensification paradigm

The foregoing results support the modified picture of vortex
intensification shown in Fig. 13d of Montgomery and
Smith (2014) and described in section4. An important
component of intensification is the formation of a region
of supergradient winds in the inner-core boundary layer and
the vertical advection of this high tangential momentum to
spin up the air in the eyewall. The analyses presented in
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section6 highlight the dominance of this vertical advection
in spinning up the eyewall, since in the minimal model, the
radial flow in the eyewall updraught is outwards, even in the
middle layer, and the radial advection of absolute angular
momentum would lead there to spin down. Nevertheless,
there is radial inflow in the middle layer somewhat outside
the eyewall and this leads locally to spin up and thereby to
an expansion of the outer tangential circulation (cf. Kilroy
et al. 2015). As explained by Kilroyet al., this expansion
of the outer circulation can lead through boundary-layer
dynamics to a further spin up of the inner-core winds in
the boundary layer, which in turn would further spin up the
eyewall. The proviso “can lead” is because, as explained in
Kilroy et al., the thermodynamic processes in the boundary
layers must act favourably to support the intensification
process. Figure11 shows a schematic of the secondary
circulation during the two RI phases in the current model
based on the flow evolution shown in Figs.5 and6 together
with the profiles of tangential wind tendency shown in Fig.
9.

The classical spin up mechanism associated with the
radial inflow of absolute vorticity in the middle layer
operates outside of the eyewall updraught (the region BC
in the figure). In the eyewall region (the region AB), the
spin up is associated entirely with the vertical advection of
enhanced tangential momentum from the boundary layer.
Here the radial flow in the middle layer is outwards so
that the radial advection of absolute angular momentum
makes a negative contribution to spin up. In a continuous
model, the secondary circulation above the boundary layer
is approximately alongM -surfaces, which slope radially
outwards with height. However, to have spin up, the flow
must have a component acrossM -surfaces. Specifically,
spin up requires that theM -surfaces move in a direction
opposite to∇M so that radial outflow, by itself, need not
necessarily imply spin down§. In the three-layer model, the
M -surfaces are, of course vertical in each layer so that
outflow does imply a spin down tendency.

Figure 11. Schematic of the secondary circulation in the three layer model
during the periods of rapid intensification. The heights of the different
levels are only approximate, as these levels are sigma surfaces. The thick
(yellow) arrows indicate the vertical velocity, the thin arrows the radial
motion. The sloping dashed lines indicate the outward sloping boundaries
of the eyewall updraught. The thick (red) horizontal lines AB and BC refer
to the dominant spin up mechanism. See text for discussion.

§Spin up at a point requires simply that∂M/∂t > 0. In regions whereM
is materially conserved, this requirement becomes−us · ∇M > 0, where
us is the vector velocity of the secondary circulation, i.e.us must have a
larger slope than theM -surface. This result follows from the vector form
of Eq. (16) with Dv = 0.

7. Conclusions

We have developed an improved version of a minimal
tropical cyclone model and used it to investigate some
fundamental aspects of tropical cyclone behaviour. The
improvements include a modified representation of surface
enthalpy fluxes, making the fluxes more realistic in relation
to recent observations. They include also a more realistic
relaxation time scale for potential temperature and a
modified horizontal diffusivity based on a biharmonic
damping term. With these improvements, the vortex
intensity did not become steady during a 20 day integration
of the model. In fact, after going through a mature phase in
which the maximum tangential wind speed remained quasi-
steady for a few days, the vortex ultimately decayed. Even
during the mature stage, the upper anticyclone continued
to evolve and a global steady state was never achieved.
This finding is consistent with recent studies using more
sophisticated numerical models.

The calculation highlights the pivatol role of the
boundary layer in spinning up the tangential winds in
the eyewall updraught. The spin up in the boundary
layer is associated with the development there of
supergradient winds. The spin up of the eyewall updraught
occurs by the vertical advection of the high tangential
momentum associated with the supergradient winds in the
boundary layer. These boundary layer and eyewall spin up
mechanisms, while consistent with some recently reported
results, are not part of the classical theory of spin up.

In the eyewall updraught, the flow is outwards (typifying
the outward slope of the eyewall) so that the radial advection
of absolute angular momentum (or radial flux of absolute
vorticity) makes a negative contribution to spin up in this
region. However, there is inflow in the middle layer at larger
radii where the classical mechanism operates to spin up
the tangential winds. Based on the results of Kilroyet al.
(2015), the spin up at large radii, where the flow in the
boundary layer is subgradient, may be expected to lead
to a feedback on the inner-core vertical motion through
boundary-layer dynamics.

While one cannot expect the minimal model to be
realistic in every detail, we believe that the degree of realism
makes it useful as a tool for investigating many fundamental
aspects of tropical cyclone behaviour.
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